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Abstract — Passive acoustic sensor arrays for tracking
ground targets are becoming increasingly popular due to
their low cost and ease of deployment. In this paper we
present an algorithm for locating sensor arrays in two-
dimensions in an acoustic network (or in any network where
angle-only measurements are used) when external refer-
ences, such as GPS or known-location targets, are unavail-
able. We consider sensor localization when angular mea-
surements are taken from the sensor arrays to targets of op-
portunity when all sensors take measurements with respect
to a common axis of unknown orientation and where the sen-
sors can not “see” each other.

The solutions provided consist of low-complexity (gener-
ally closed-form) methods of getting initial estimates with
no prior information, followed by maximum likelihood (ML)
optimization to refine the estimates. Simulation shows that
the accuracy approaches the Cramér Rao Lower Bound
(CRLB), something that similar algorithms from previous
research have been unable to achieve.

1 Introduction

UE to their low cost and ease of deployment, the use

of passive acoustic sensors for target tracking, be they
underwater or land-based, has been increasing in popularity.
One method of building such a tracking system is to deploy
arrays of sensors, whereby each array produces measure-
ments consisting of arrival angles and classification informa-
tion useful in data association (used, for example, in [10]).
Another approach is to deploy individual microphones that
self-assemble into arrays [15]. In this paper, we consider es-
timating the locations of arrays of passive acoustic sensors,
that best matches the first scenario. The terms “sensor array”
and “node” shall be used interchangeably.

When considering land-based systems, one can not as-
sume that the network of satellites forming the Global Po-
sitioning System (GPS) will be available, and GPS signals
can not penetrate far underwater. Many non-GPS-based lo-
cation estimation algorithms designed primarily for use in
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underwater and wireless networks may be used. A number
of families of methods as applied to sonar channels are de-
scribed in [3]. These approaches typically utilize the com-
munication characteristics between sensors and are divided
into two categories: Range-based and Range-free. Range-
based methods utilize range and/or bearing information of
inter-sensor signals, such as the angle of arrival, the time
difference of arrival, or the received signal strength. This
may include the use of mobile beacons (anchors) that broad-
cast their locations to nearby sensors. Range-free schemes
do not use this information, but may utilize moving anchor
nodes that broadcast their position [6], [5], [7], [13].

We consider algorithms for node localization based upon
the angle-only observations of the nodes. Such estimates
are particularly useful in networks involving data MULEs
(Mobile Ubiquitous LAN! Extensions) [12]. In such situa-
tions, individual sensors generally have a limited broadcast
range. Rather than having a network between sensors, data
is periodically queried from the sensors using a data mule,
some type of device that physically approaches the sensors
and reads from them. In such a network, traditional methods
of sensor localization, which rely on communication chan-
nels between sensors, are not applicable. Additionally, when
considering wireless land-based acoustic sensors, estimates
of the sensor locations obtained using acoustic data would
be expected to be uncorrelated with those obtained using
more traditional means. Since our method approaches the
CRLB, as demonstrated in Section 4, the CRLB may be used
as the measurement covariance for merging the estimates.

A network where nodes observe common targets of op-
portunity is equivalent to a network where nodes observe
certain sensors that produce no observations of their own.
Using a number of anchor nodes (the minimum number
to achieve observability is two), we consider sensor array
registration where stationary sensors take measurements of
common targets of opportunity with respect to a common,
unknown coordinate axis. The targets could be one target
over time, multiple targets simultaneously or any combina-
tion of the two choices. Tracking is not performed. Associa-
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tion of measurement across sensors might be accomplished,
for example, by utilizing acoustic patterns for classification,
as has previously been done to aid acoustic tracking [10].

A maximum likelihood (ML) solution to this problem
with a known axis of orientation was outlined in [8]. How-
ever, their solution does not take into account the fact that
angles outside of (—m,7) are equivalent to those in the
aforementioned range. Without proper compensation, even
with good initialization estimates will be significantly worse
than the CRLB. We provide a corrected form in Section 3. In
[8] the authors also did not consider the initialization of the
likelihood maximization algorithm. Using a random initial-
ization, we found that the estimates, when computed using
the corrected likelihood, converged to local maxima having
errors that are far worse than the CRLB, and generally are
far worse than the initialization itself. Thus, in Section 2 we
discuss the generation of initial estimates.

Other than [8], work considering location and orientation
determination of angle-only sensor arrays has been sparse.
A significant amount of work has been done regarding lo-
calizing users within cellular networks [14], with very lit-
tle attention to the angle-only measurement case. In what
has been done, a single user must always be in range of at
least two base stations (anchor nodes). Other work has con-
sidered similar issues for cellular networks [9], whereby all
users are in range of a number of anchor nodes.

Many papers dealing with sensor registration only correct
for residual bias after an initial estimate has somehow been
obtained. Most require full range and angle estimates (see
[4] for an extensive bibliography), though some are adapt-
able to the range-only case [11].

Section 2 discusses methods for generating estimates
when given no prior information beyond the location of at
least two anchor nodes. These estimates may be used in the
maximum likelihood algorithm of Section 3, which gener-
ally won’t converge to a meaningful value without a good
initial estimate. All the methods are exact in the noiseless
case. Section 4 shows simulation results for three noisy sce-
narios.

2 Algorithms for Generating Initial
Estimates

In all of the following subsections, we shall assume that
the sensors reside in the (z, y)-plane. The sensor arrays and
the targets are assumed to be individual points in space. The
measurements between sensor arrays are assumed to be syn-
chronized with respect to the targets. That is, in each scan,
measurements from disparate sensor arrays represent the an-
gle from the arrays to the targets at the same target position.

Let the location of the ¢th sensor array in the plane be des-
ignated by the pair (s, s}). The target-angle measured by
the ith sensor array at time-step & shall be designated 6; (k).
It should be noted that individual observations may occur

2This is equivalent to saying that the sensor arrays are assumed to be
synchronized and the acoustic propagation delay between target and sensor
is assumed to be zero

simultaneously or at different times. If multiple targets are
present at the same time, then classification information may
be used to associate measurements between sensors. We will
not address the problem where measurements can not be as-
sociated between sensors, in which case there may be mul-
tiple possible solutions for the target location based upon a
particular set of observations.

2.1 A Method of Producing Initial Sensor and
Target Location Estimates

We shall begin by assuming that all measurements are
taken with respect to a common, known axis, and then show
in Section 2.2 how that assumption may be relaxed.

2.1.1 Jointly Estimating Sensor Array and Target Lo-
cations

The angular measurement of sensor ¢ at time k, 6;(k),
taken with respect to a known, common axis may be ex-
pressed as follows

tan [6; (k)] = ?EZ; % (1a)
cot [0: (k)] = ZE;; z (1b)

These equations may be rearranged to get

to(k) tan [0; (k)] — % tan [0;(k)]
ty (k) cot [0i(k)] —

—ty(k) + s, =0 (2a)
sp, ot [0; (k)] — to(k) + s, =0 (2b)

Thus, using (2a) and (2b) one can easily generate a lin-
ear system of equations that, in the absence of measurement
noise, may be solved exactly for the sensor and target loca-
tions, given that enough sensors have known locations a pri-
ori. Sensors with known locations are necessary for unique-
ness of a nontrivial solution and are simply put on the right-
hand side of the equation.

A necessary condition for the observability of the system
is that the locations of at least two sensors are known. Note
that the two sensor arrays with known locations do not nec-
essarily have to observe the same target at the same time;
they need simply be linked by a number of measurements
seen by connected subsets of sensor arrays.

For example, consider the presence of three sensor arrays
observing a common target at times k; and ko. We shall
assume that the location of sensor arrays one and three are
known a priori. We would like to determine the location of
the other sensor array. Using (8a) we may write the set of
equations in (3).

Thus, in this case, the location of the second sensor array
and the target at both times is the solution to

As=b 4)

Note that due to the use of the tangent in Equation (2a),
serious estimation inaccuracies can occur if the targets used
for estimation are close to £90° with respect to any of the
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observing sensors since measurement error can push the
measured angle above or below +90°, changing a large pos-
itive entry in the A matrix to a very large negative value or
vice versa. This problem may be minimized by using Equa-
tion (2b), which uses the cotangent, when the observation is
between 45° and 135° or between —45° and —135°.

2.1.2 Estimating the Sensor Array Locations Alone

If the target locations are not needed, they may be elim-
inated from the estimation. We shall once again assume
that all angles are taken with respect to a reference direction
common for all sensor arrays. In this subsection, we shall
also assume that each target is observed simultaneously by
at least three sensor arrays. We shall define the measure-
ments as being taken with respect to the x-axis in our 2-D
coordinate system. For simplicity of notation, let us define
the following function

A7 (k) £tan [0, (k)] — tan [0, (k)] 5)
Agb(k) 2 cot [0 (k)] — cot [05(k)] (6)
U, 5(k) 21 — cot [0, (k)] tan [0y (k)] @)

As proven in the appendix, given any three sensor arrays
simultaneously observing the target, we may combine (1a)
and (5) using (2a) for each sensor array to get an expression
relating the sensor locations independent of the Cartesian
location of the target. For sensors 1 through 3 this gives us
equations (8a), (8b), (8c) and (8d).

As was the case in the previous section, the equations de-
rived in this section may be used with multiple observations
of the targets over time to reduce the solution of the sensor
array locations to that of solving As = b, where in this case
s is only the sensor array locations.

It should be noted that as the number of sensor arrays in-
creases, the number of possible equations that may be writ-
ten increases quickly. However, the equations are not all
independent. For example, for [V sensors observing a com-
mon target, there are (gf ) possible variants of (8a) that may
be written depending upon which three targets are put into
the equation. However, for N > 3 only IV of these equations
can be linearly independent and do not provide any new in-
formation, because they are not based on new observations.
Linearly dependent equations may be removed by using the
Modified Gram-Schmidt Orthonormalization Algorithm or

other, similar methods, though, as shown in Section 4, this
can hurt the performance of the algorithm.

2.2 Dealing with Measurements with Respect
to an Unknown, Common Axis

We would like to consider the case where all sensors have
the same unknown bias in their measurements. This might
occur, for example, if all measurements are taken with re-
spect to magnetic north, but the anchor node locations are
given in terms of geographic north.

Consider Figure 1. In the noiseless case, if we were to
remove the second anchor node and not to compensate for
the bias, then Figures 1 (b), (c), and (d) are three possible
solutions for the system described by As = b using the
equations from Section 2.1. All of the biased solutions are
rotated by the bias angle. As shown in (b) and (c), the figure
may be scaled about the single anchor node without chang-
ing any of the measured angles (in the case where angles are
measured to targets, the apparent locations of the targets are
scaled as well). Figure 1 (d) comes about due to our use of
the tangent and cotangent in Section 2.1, whereby the equa-
tions do not change if all angles are flipped 180°.

In the case of only two anchor nodes, a method of esti-
mating the sensor array locations while correcting for the
unknown global rotation is as follows:

1. Find an observation from the first anchor node. As-
sume that it is a known fixed distance from the first
anchor node (e.g. 10m). Find its location using the
bias measurement under this assumption. This shall
be a pseudo-anchor node.

2. Perform the sensor array location estimation as de-
scribed in Section 2.1 using the biased measurements,
the first anchor node and the previously determined
pseudo-anchor node as an anchor node assuming that
the location of the second anchor node is unknown.

3. Find the vector between the first anchor node and the
true location of the second anchor node (e.g. for the
scenario in 1 (a), it has been drawn). We shall call this
v1. Also find the vector between the first anchor node
and the apparent position of the second anchor node as
given by the previous estimation (e.g. the vectors in 1
(b) or 1 (¢)). The choice of the pseudo-anchor node
rules out the geometry of 1 (d)); we shall call this vs.
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Figure 1: The open circles represent the anchor sensors, whose locations are known a priori. The array is the vector
between the first and last nodes. Subfigure (a) shows the true setup of the problem. Subfigures (b), (¢) and (d) show

possible solutions when the second anchor node is removed and a common bias is left uncompensated.
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4. Evaluate 0 = /vy — /7.

5. Perform the sensor array location estimation again us-
ing the adjusted angles and both of the true anchor
nodes to get a final estimate of the sensor array loca-
tions.

The algorithm finds a solution for the biased system and
then compares how that solution is rotated with respect to
the true system. The first step of the aforementioned method
creates a pseudo anchor point to set a reference for the scal-
ing of the solution. This is important to make sure that we
do not get a solution that is inverted by 180°, as in Figure
1(d). Moreover, it is necessary for setting the scaling of the
figure. We would like to find a solution, but one possible
solution places the nodes infinitesimally close to the first an-
chor point. The use of such a solution would be subject to
precision problems on any computer.

When more sensors are present, one may break the obser-
vations into subsets according to the connectivity between
anchor nodes, and calculate separate biases before averag-
ing them. We shall not consider that case here.

3 ML Estimation

In order to further refine the estimates calculated using the
methods outlined in Section 2, the estimates may be passed
to a Maximum Likelihood (ML) estimator [1]. Assuming
that the angular measurement from sensor : to target location
jis

th — st
0;j = tan™" [% + wi (13)
tz — 8.,

where w; ; is zero mean Gaussian measurement noise, the
likelihood function is

As,t) = [ p(0:;ls. t) (14)
i,

where

p(0ijls,t) ~ N ltan_l lu} ’021 (15)

J i
tz — s,

Determining the maximum of (14) is equivalent to finding
the minimum of the negative log-likelihood function A(s, t),
where (assuming the standard deviation of each sensor ar-
ray’s measurement noise is identical)

1 AN
A(s, t) = 357 Z fl0:; —tan m
2 r

(16)
The sum in (16) is over all pairs (¢, j) where sensor ¢ ob-
serves target j. The minimization of (16) is carried out using
the Quasi-Newton optimization algorithm [2]. The function
f is defined as follows

0—27 IfO>nr
0+27 If0<—m
0 Otherwise

f(0) = A7)

The function f ensures that the magnitude of the difference
term in (16) is never larger than 7 in magnitude. If this func-
tion were not added, a 27 difference, which actually means
that there is zero error in the angle, would impose a large
penalty®. This is not taken into account in [8] and without
proper compensation, the CRLB can not be approached in
simulation.

The gradient information required by the Quasi-Newton
algorithm utilizes the terms in equations (9), (10), (11) and
(12). Again, care should be taken to utilize (17) for the dif-
ference terms.

3.1 The Cramér-Rao Lower Bound

In order to evaluate the efficiency of the estimator, the
CRLB for the particular scenarios must be calculated [1].
The CRLB provides a lower bound on the covariance matrix
of an unbiased estimator as

E{[% - xo] [k~ xo]" } = ! (18)

where x is a vector parameter, X is the parameter estimate,
X is the true parameter value, and J is the Fisher Informa-

tion Matrix (FIM).
The FIM is defined as
J 2 E{[V:A)] [Varx)]" } (19)
X=Xp
When V¢ A(s, t) is plugged into (19), the FIM is
1 [t sy
J —; ; vs,t tan t; _ Sé
i —si\]"
—s
X |Vsyttan™? <%)1 (20)
tm o Sw S:S(),t:t()

The appropriate diagonal entries of J~! provide a lower
bound for the mean squared error (MSE) of each estimated
parameter, assuming that the estimator is unbiased.

4 Simulations
4.1 The Scenario

To test the accuracy of this sensor array location esti-
mation algorithms, we used scenarios involving ten sensors
and four targets over 20 time-steps. The sensor arrays were
placed in x locations in the set of {—50, 100} meters and
y locations in the set of {0, 100, 200, 300, 400} meters, with
the exception of the one that would have been at (—50, 100),
which was instead set to (—100, 100) in order to break the
symmetry of the arrangement so that it would be clear if
poor estimates flipped anything. It is the same configura-
tion as shown in 1(a). The locations of the sensor arrays at

3This is accounts for the fact that the Gaussian distribution is defined
across (—oo,00) whereas the measured angles and the inverse tangent
function will be between (0, 27). It should be noted that this is an ap-
proximation, as the true PDF has an infinite number of terms. That said, for
variances on the order of a few degrees it is an excellent approximation.



Figure 2: The target observations for the three scenarios. The sensor location estimates for various runs are shown as circles
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Figure 3: The RMSE of the estimated sensor locations of the initialization algorithms for Scenario 1. In (a) the measure-
ments are taken with respect to a common, known axis. In (b) they are taken with respect to a common, unknown axis.
1000 Monte Carlo runs were performed.



(=50, 0) and (100,400) were assumed known a priori, and
were thus used as anchor arrays.

To assess the effect of geometry on the accuracy of the
estimates, we considered three different scenarios for target
motion. In all scenarios, the first target was located at an
x location of —250 meters and traveled at a constant speed
from 20 to 380 meters in y. The second target was placed at
an x location of 350 meters and traveled at a constant speed
from 0 to 400 meters in y. The third target started at 400 me-
ters in x, traveled at a constant speed to 800 meters by step
10 and came back to 400 meters in the x direction by step
20. In the y direction, it traveled at a constant speed from
20 to 380. The fourth target traveled one of three paths, de-
pending on the particular simulation. In Target Scenario 1,
the fourth target was placed at a y location of 500 meters
and traveled at a constant speed from —600 to 1000 meters
in z. In Target Scenario 2, the fourth target takes an identi-
cal path to the third target, but shifted —1000 meters in the
x direction. In Target Scenario 3, the fourth target traveled
at a constant speed from (—600, 0) to (1000, 500). The sce-
narios are shown in Figure 2.

The targets were only visible to a subset of the sensor
arrays at each time. From steps 1 to 4, only the sensor ar-
rays at y locations of 0 and 100 meters could see the targets.
From steps 5 through 8, the sensor arrays between 0 and
200 meters could see the targets. From steps 9 through 12
the sensor arrays between 100 and 300 meters could see the
targets. From steps 13 through 16 the sensor arrays between
200 and 400 meters could see the targets and from steps 17
through 20 the sensor arrays from 300 to 400 meters in y
could see the target. This means that the two sensor arrays
with known locations never both saw any of the targets at
the same time.

4.2 The Initialization Algorithms

We used target Scenario 1 to assess the performance of the
three initialization algorithms as a function of the measure-
ment noise covariance at the sensors from Section 2. These
were the algorithm jointly estimating sensor and target loca-
tions (Section 2.1), the algorithm estimating only the target
locations (Section 2.1.2) and the same algorithm whereby
redundant equations have been eliminated using the Gram-
Schmidt algorithm. In all cases the solution to As = b was
found using least squares. The noise generated was zero-
mean Gaussian and was independent between sensors. 1000
Monte Carlo runs were performed. We considered both the
case where the measurements are taken with respect to a
common, known axis and when they are taken with respect
to a common, unknown axis. When taken with respect to
an unknown axis, the axis was chosen randomly for each
Monte Carlo run. The performance is shown in Figure 3.

4.3 ML Maximization

Using the three scenarios from (1), we compared the per-
formance of the uncorrected ML algorithm of [8] with our
corrected version and the CRLB. The least-squares algo-
rithm of Section 2.1 estimating both sensor and target lo-

cations was used to provide initial estimates. All measure-
ments were taken with respect to a common, known axis.
1000 Monte Carlo runs were performed. The results are
shown in Figure 4.

5 Conclusions

We presented a number of methods of location estimation
for angle-only sensors observing targets of opportunity. The
best linear (least squares) solution was obtained by elimi-
nating the target locations from the estimation and using the
maximum number of possible equations. The addition of a
common, unknown bias that had to be corrected worsened
the overall performance slightly. When performing ML es-
timation using a least squares initial estimate, in all geome-
tries considered, estimates closely approached the CRLB.
Our results use a model similar to that in [8]. Different
from [8], we provide the means of initialization that iterative
ML estimation requires, we address the (vital) issue of angle
wrap-around, and we compare out results to the CRLB.
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method of [8] that does not use the correction of (17). In (b) we use the aforementioned correction.
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6 Appendix: Derivation of (8a)

Here we derive (8a), which underlies much of the algo-
rithm. The derivations of (8b), (8c) and (8d) are performed
similarly. Equation (la) applied to the first sensor array
gives us

1

y—s
tan[6; ] = 8‘7{
x

Yy :s; + (z — s tan[f:]

21
(22)

Substituting (22)into (1a) applied to the second and third
sensor arrays gives us

sy — s+ (x — s}) tan[6,]

tan[f] =—~L— 23
an|fs] z— 2 (23)
st — 82 + (v — sl) tan[f
T —S3
Solving (23) for the z location of the targets gives us
52 — sl + sl tan[f;] — s2 tan[

tan[f] — tan[6s]

Substituting (25) back into (24) and simplifying gives us the
form of (8a).



